stichting

mathematisch |

centrum MC
AFDELING INFORMATICA IW 186/81 DECEMBER

(DEPARTMENT OF COMPUTER SCIENCE)

J.A. BERGSTRA & J.W. KLOP

INITIAL ALGEBRA SPECIFICATIONS FOR PARAMETRIZED DATA TYPES

kruislaan 413 1098 SJ amsterdam




Printed at the Mathematical Centre, 413 Kuwislaan, Amstendam.

The Mathematical Centre , founded the 11-th of February 1946, is a non-
progit institution aiming at the promotion of pure mathematics and its
applications. 1t 48 sponsored by the Netherlands Government through the
Netherlands Onganization §or the Advancement of Pure Research (Z.0.0.).

1980 Mathematics subject classification: 03D45, 03D80,68B15

ACM-Computing Reviews-Category: 4.34




Initial algebra specifications for parametrized ypes

by

J.A. Bergstra™ & J.W. Klop

ABSTRACT

We consider parametrized data types ¢: Alg( lg (A) ¢ is a
partial functor from the class of all I -algebra param lgebra
to the class of A -algebras (the target algebras given tures
Z,A with A extending Z. Here it is required that arget ais g
nerated by a homomorphic image of the parameter a.

For such parametrized data types we prove a al the bout t
existence of initial algebra specifications with tional ions.
theorem involves the concept of an effectively g aramet data t
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0. INTRODUCTION

We will discuss the specification theory for persistent parametrized
data types according to the definitions in ADJ [9].

Our aim is to propose a general necessary and sufficient condition for
the existence of an algebraic specification for a given parametrized data
type.

We call a persistent parametrized data type ¢: Alg(Z) ~Alg(d) effective
if there exists a uniform algorithm which transforms finite specifications
for parameter algebras into finite specifications for target algebras. Es-
pecially interesting is the case that Dom(¢) contains all and only semi-
computable algebras in a quasi-variety Alg(Z,E) with E finite.

For such ¢ we show that ¢ is effective if and only if ¢ possesses an

algebraic specification (A,F) with F an r.e. set of conditional equations.
The following comments are in order.

(i) Of course the definitions of a parametrized data type and its speci-
fication as employed here, are by no means the only ones. For further
information we refer to the following papers: [5,6,7,8,10]

(ii) We preferred not to use the full formalism of category theory; instead
we introduce a parametrized data type ¢: Alg(Z) ~Alg(A) as a ternmary
relation containing triples (A,a,B) where A e Alg(X), B € Alg(A) and
a: A > le is a homomorphism such that
(1) the relation is closed under taking isomorphic copies of parameter

and target algebras, and
(2) if (A,al,Bl) and (A,az,Bz) € ¢ then B1 = BZ .

(iii) If one allows auxiliary sorts and functions it is possible to prove
that a specification (A,F) with F an r.e. set can be transformed
into an equivalent but finite specification (' yH) with T' > A and H
finite. A similar result is obtained in BERGSTRA-KLOP [11] .

(iv) This paper uses a result derived in BERGSTRA-KLOP [1] about the spe-
cification of effective parametrized data types with a domain consis-

ting of minimal input algebras only.




. PRELIMINARIES

.1. Signatures and algebras.

A signature is a triple consisting of three listings, one of sorts,
ne of functions andvoﬁe of constants. If 5L,A are signatures, the meaning
fXcA, ZuAlandZnAisclear.

The notation of a I-algebra is well-known, and will not be in extenso
e repeated here. We conceive a I-algebra as a triple containing I, an al-
ebra A and an interpretation function telling us what domains AS in A corre-
pond to the sorts s in I, and what functions and constants in A correspond
o the function - and constant symbols in IZ. The set of I-terms is Ter(I);
he set of closed I-terms is Ter"(Z). (A term is closed if it contains no
ariables.) The class of all I-algebras is Alg(Z), and the class of all
inimal I-algebras is ALG(I).Here an algebra A is a minimal if it contains
o proper subalgebras, equivalently, if A is isomorphic (=) to a quotient
f a term algebra, equivalently if every element a in A € ALG(Z) is the
enotation of a I-term.

The concept of a homomorphism o between algebras A],A2 of the same sig-
ature is standard. It goes without explicit mention that every map in this
.aper a:A] > A2 where AI’AZ e Alg(Z), is a homomorphism.,

If £ c ' and A' € Alg(Z'), then A = A'IZ is the restriction of A' to
‘he signature I. In this case A' is also called an expansion of A. The fol-
owing 'Joint Expansion Property' is easily verified:

if Ai € Alg(Zi), i =0,1,2, such that I, n I, = I, and moreover
s " A2,s' = @ for all s € Z 5 = Ly, then there is a unique

:’xpansion Al L A2 € Alg(ZluZZ) of A] and A2 .

- ZO’ s'e T

Instead of y: A > B|Z for A € Alg(Z), B e Alg(A), L < A, we will often
se the triple notation (A,y,B). Triples (Ai’Yi’Bi) i=1,2, Ai e Alg (%),

; € Alg(d), £ < A, are called congruent if there are isomorphisms o,8




3 the following diagram commute:

|

An important construction is the following one: Let I' ¢ A and B € Alg(l)

ermore, let A_C_S c sgrts(I’) Bs

to sort s. Then <B,T,A> is the subalgebra generated by A in B by means

» wWhere BS is the domain in B correspon-

(i.e. by the T'-operations and TI'-constants).

In particular, if A € Alg(Z) with £ < T and A = then

s € sgrts (Z)As’
ite also <B,T,A> instead of <B,T,A>.

Specifications of algebras.

In this paper we will be interested in subclasses of Alg(Z) of the form
,E) = {A € Alg(z)|A|=E}, where E is a set of conditional equations. A

tional equation has the form

ome k = 0 and s,t,si,ti(i =1,...,k) € Ter(Z). The conditional equation
osed if all terms in it are closed.

The unique initial term algebra of signature I satisfying the set E of
tional equations, is denoted by I(Alg(Z,E)). It is a representant of
somorphism class of initial algebras in Alg(Z,E). Isomorphism is denoted
If E is a set of conditional equationms, E° denotes the set of closed
ions (so without conditions) derivable from E. An example of such a

f closed I-equations is the congruerce A corresponding to a minimal

ra A € ALG(Z); that is, the set of all closed I-equations true in A.

If A € Alg(Z) and for some (I',E') with Z'> I it is the case that

"IZ where A' = I(Alg(Z',E')), then we say that A can be specified

ig auxiliary sorts and functions) by (Z',E').




lotation: (Z',E') -z, A
To give an actual specification of A by (Z',E') we will insist that
\1so the isomorphism a: A - A']Z is mentioned.

lotation: (Z‘,E')-%%* A, So (Z',E") —EA-A is in fact short for
o (Z',E) _.2,+ A

.3. Semi-computable algebras.

Notation: If w = S XeeaXsys where s, € sorts (), i=1,...,k, then

r

. abbreviates X X...XX_ .
w S] Sk
'he following definition is standard: A e Alg(Z) is effectively presented
:orresponding to the domains As(s € sorts(Z)) there are mutually disjoint
'ursive sets QS and surjective maps ot QS — As(s € sorts(Z)), such that

‘or each function F in A of type w —> s, there is a recursive f: Qw——+

thich commutes the diagram:

A ___ji___> A
w s
%;[ aS
Q ____flﬁ__g> Q
W s

there aw(xl,...,xk) = (asl(xl),...,ask(xk)),

low A is semi-computable (A eSca(z)) if in addition for each s e sorts (ZI)

‘he relation =y defined on QS by
s

a = a' &= a (a) = o (a'
o @ =a_(a")

S r.e..

We will need the following fact, proved in BERGSTRA-TUCKER [21]:

.3.1. LEMMA. A is semi-computable <ff A has a finite specification.




AMETRIZED DATA TYPES

for signatures I and A with I cA, a parametrized data type

3(%) — Alg(A) is a class of triples (A,v,B) where A €Alg(Z),

lg(A) and y: A — BZ is a surjective homomorphism such that

3,A,BZ > (i.e.$(A) generates B). - |

‘urthermore, the class ¢ must satisfy the following global conditions:
f (A,vy,B) € ¢ and (A',y',B') € ¢ is congruent with

A,v,B), then (A',y',B") € ¢;

£ (A,ysB) € ¢, (A',y",B'") € ¢ and a: A >~ A’ is an (injective) homo-
lorphism, then there is an (injective) homomorphism B:B-B' such that

‘he diagram

ommutes.
furthermore, ¢ is called persistent if for all (A,y,B) € ¢ the homo-

ism y is injective as well as surjective.

iffectively given parametrized data types.

Let (0,e) be a monotonic partial recursive transformation of finite
fications, transforming (Z',E') into (o(Z',E'), e(Z',E')) = (Z",E").
the monotonicity requirement is that I" > %' and E" > E'

Yow we say that a parametrized data type ¢: Alg(Z) - Alg(l) is effec—
y given by (o,e) if for each triple (A,y,B) € ¢ and for each finite
fication (Z',E'") Z,A the following triple (A',y',B') is congruent
»YsB):

Al

I(Alg(z',E'))lz

BI

I(Alg(z",E"))lA




Ty A > B'lZ is the homomorphism induced by the unique homomorphism -

: T(Alg(Z',E")) — I(Alg(Z",E")) |51 -

n a diagram:

I(alg(z',E")) > I(Alg(Z",EM)) |,

A" = I(Alg(2'E")) I(Alg(z",EM) |, = B'|,

.2. Algebraically specified parametrized data types.

_¢: Alg(X) — Alg(A) has an algebraic specification if there is a
pecification (I',H) such that for each (A,y,B) € ¢ and for each specifica-
ion (Z',E') £+ A (with Z'd (TuA) = I) the following triple (A',y',B")

s congruent to (A,y,B):

A'

I(Alg(z',E"))

Bl

I(Alg(Z'uT,E"UE))

v' again induced by the unique homomorphism

1:I(Alg(Z',E")) — T(Alg(3",E") |,

The following lemma will play a key role in the sequel.

'»3. LEMMA. Suppose that ¢: Alg(X) — Alg(A) <s persistent and effectively
“ven by (0,e) with Dom (¢) = ALG(Z,E) n Sca(Z) for some finite E.
Then ¢ has an algebraic specification (A,H) where H is a (possible

nfinite) set of closed conditional equationms.

Moreover H is r.e., uniformly in recursive indices for (o,e).

'ROOF. The proof is given in BERGSTRA-KLOP [1]: Theorem 3.1 (iii) = (i) fol-
.owed by an application of the Countable Specification Lemma 5.1. (Note that

‘he domain of ¢ contains only minimal algebras.) [J




. SPECIFICATION THEOREM

n this section we will state our theorem and give an informal outline

» formal proof which occupies Section 4.

'HEOREM. Let ¢: Alg(r) — Alg(A) be a persistent parametrized data
vth Dom(¢) = Alg(Z,E) n Sca(Z) for some finite E. Then the following

utvalent:

y 18 effectively given,

y has an algebraic specification (A,H) where H is r.e..
we will deal with the easy half (ii) = (i) of the theorem.

of (ii) = (i). Let (Z',E") Z, A be a finite specification of a para-

algebra (with Z'nA = I). Then (Z'VA,E'UH) A, B with

3) € ¢. Because B has an r.e. specification, it is semi-computable.
results from BERGSTRA-TUCKER [2] one uniformly computes from a speci-
ton (2'UA,E') and an r.e.—-index of H a finite specification

k) A, B (which extends (Z',E")). 0O

. As to the proof of (i) = (ii), we start with the following observa-

vhose routine proof is omitted. First the

[ON. If A ¢ Alg(X), then <A> denotes <A,I,@>, the subalgebra generated

> I-operations and constants. Note that <A> is a minimal algebra.

.1. PROPOSITION. Let A € Alg(Z) and let e be a closed conditional

ion. Then A | e & <A> = e.

jence we can reduce satisfaction of an arbitrary conditional equation
in a I-algebra A, to satisfaction of closed conditional equations in

ninimal subalgebras of A, as follows:
Ak e® o=
- >
Va eA Aglﬂ e(C) =

Y3 €A <A§> = e (2).




. . . -> . > >
ere AZ is an expansion of A with constants & corresponding to x, and ¢

>
re constant symbols for a.

.1.2. Secondly, we observe (in Lemma 4.1) that a parametrized data type
: Alg(Z) — Alg(A) with Dom(¢) = Alg(Z,E) n Sca(Z) for some finite E,
ehaves well w.r.t. substructures of a parameter algebra A, as suggested

y the following figure:

then

ere it should be remarked that we must restrict attention to those A'lc A
hich are still in Dom(¢). To ensure that, we need only require

'e Sca(Z); for, A'e Alg(Z,E) is trivially satisfied: conditional equations
tay valid in a subalgebra. Note that if moreover A is finitely generated,

.e. A' = <A,1,2> for a finite string a of elements in A, then:
A € Sca(r) = A" ¢ Sca(l).

ndeed, this will be the case we will encounter.

.1.3, Thirdly, from a parametrized data type ¢: Alg(Z) — Alg(A) and a
iven string ¢ of new constant symbols for the signature I, we define in
he obvious way (see next figure) a parametrized data type

& Alg(Zz)——+ Alg(Ag), where Zz-,Az is Z,A plus the new constant symbols <.




- . . > . > .
the a are the interpretations of ¢ in A, and b in B. Furthermore
->

= b.)
Not surprisingly, if ¢ is effectively given by (o,e), then the same

for ¢3 (This is proved in 4.3.)

°

Now Dom(¢,) = Alg(Z, ,E)n Sca(l,). However, we will be only interested
¢ c

39
e restriction of ¢, to the class of minimal algebras of Alg(ZE ,E), i.e.
¢
lgebras <A,> from 3.1.1. Let ¢% be this restriction. We already noted
a

1.2:

A € Dom(¢) = A, eDom(¢,) = <A,> eDom(d)m) = ALG(Z. ,E) n Sca(z,) .
a () a Z Cc c

" is as in the following figure:

if
@—“ﬁ
A >

a
then

<A3> ¢

ol B

t. In order to deal with all conditional equations e(g)(where X might




e arbitraril
or I from wh
It may b
he original
recisely the
0,€) and the
Hence ¢3
f closed eoz
Now we r

.1.1.); sor

AH, ). As
x/¢
ions to
(A

ields the de

ectly, requi

.1.5. Consid

here .(A9Y’ B)
ality, we ma
roperty' in
rivially, (A

Al

n other word

(z

), we will use a countab
e o are taken.

r at this stage that the
ction 4 proves this rigo
ptions of Lemma 2.3; it

n has the required form.
n algebraic specificatio
al equations.

r that the ¢ play in fac
ng the ¢ again by corres

y expect, taking togethe

Hy ) = (8,H)

specification of ¢. The

me more work however:

diagram

Z',E')) - Al ’—‘H
z ?

e have to prove that B'|
A" and B such that we c
n 1.1 and the joint expa

A S B, and we must only

e

B' = I(Alg(Z'ua,E"uH))

must prove the correctne

T'u A

UH) ——— AU B,

. C of fresh constant symbols

y of all ¢§(ch) determines
".) Moreover, ¢E satisfies

o effectively given by
ersistency is obvious.

Hg) where H, 18 an r.e. set
¢
role of variables (see

g variables x, we get

these pieces of specifica-

that (A,H) specifies ¢ cor-

(Alg(zZ'uA,E'"UH))

Now without loss of gene-
eal to the 'Joint Expansion
A'Ll B can be formed. So,
that

the specification
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mounts to proving
soundness: A' U B |FE'uH
:ompleteness: A'LIB E s = t=E'UH F s = t, for all s, teTerc(Z'UA).

>ve (i) in Section 4.3; it follows straightforwardly from the definition

A' is minimal, and B is generated from BIZ = a(A) = A, also A'U B is
al. I.e. every element in A'LUB is the denotation of a I'u A-term.
hing more can be said: since the 3 are denotated by I'—-terms g, the

nt d(generated from d by A-operations and constants) is denotated by a
)-term" t(g), that is a A-term t(X) in which the I'-terms S are sub-
ted for X.

Now if we can prove

the completeness for the restricted class of A(Z')-terms and moreover,

that each I'uA-term is provably (from E'uH) equal to a A(I')-term,

e through. The proof of (1) is in Section 4.5, and of (2) in 4.7.
OOF OF THE SPECIFICATION THEOREM
In this section we will give the formal details of the ﬁrbof of Theorem

ii) = (i) which we have already outlined in Section 3.

Let ¢ be an effective parametrized data type with Dom(¢) =
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1g(Z,E) n Sca(Z) for some finite E, effectively given by (o,€).
We start with a lemma that explains the effect of ¢ on structures em-

edded in one another.

1. LEMMA. et (A,Y,B) €0, A ¢ Sca(Z) and A'_C_ A. Then (A',Y',B') €¢ with
T = y}A'and B' = <B,A,y"(A")> .

ROOF. Because A'c A and A' k E, together with A' ¢ Sca(Z) one finds
' ¢ Dom (¢). So there exist y*,B* with (A',y*,B*) e ¢.

By (ii) of the definition of parametrized data type (Section 2) and the
xistence of an injective i embedding A' in A one derives the existence of

. such that the following diagram commutes:

A'____b B

PN )

A — S B

rith y' = yeoi and A injective.
Observe that B* = <B*,A,y*(A')> by definition of parametrized data type,

ind that A(BY) = <B,A,Ay*(A')> = <B,A,y oi(A')> = B'. It follows that the

liagram

' Y* *
A' — 5 B

A Y B
lisplays a congruence, whence (A',y',B') e¢ . 0O

t.2. Let C be a set of new constants for sorts of I, not occurring in A, in

such a way that for each sort countably many new constants are introduced.
Furthermore, let 23.,A3 denote the result of augmenting I,A with a

*inite subset € of C. For finite 3_5 C we define a parametrized data type

b? with domain Alg(Zz,E) nSca(Zz) and range in Alg(Ag) as follows:
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(A,v,B) € c1>3 iff (i) Ae Alg(Zﬁ,E) n Sca(Z_E), B € Alg(A_é)
(ii) (MZ,Y:B!A) € ¢.

lestricting ¢3 to ALG(ZE,,E) n Sca(Ez) we obtain a parametrized data

)

N with range in ALG(A,é) (Here the target algebras are indeed minimal,
e they are generated from minimal parameter algebras.) Now ¢_€ turns
» be effectively given by (o,e), just as ¢ itself is. This is evident

‘he following diagram:

s €)
(Z',E') (0 € (E",E")
L by
\\ [0S
A = B
T A
;| ¢ B'

it is essential that (o,e) is monotonic, from which it follows that

3 ub = A.Z because 2'328 .)

0 3) for ¢.> with H_cr

sting of an r.e. set of closed conditional equations. H, is uniformly

¢

\pplying Lemma 2.3 we obtain a specification (A.,

in (3,0,8).
;et X, be a new variable for each c eC of the same sort. Write
e;,, | iew}, and let e_> be the result of substltutlng X, for each

[3
rence of a constant symbol c (from C) in ef; .
¢

1 Hy o = {e§/g |iecw} = {eif/? | eg € H?}' Note that Hy o is a set of
tional equations over the signature A. Taking the union of all speci-

ions thus obtained one finds (A,H) with

Hy 2 o

c

H= U
pes
¢ C
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'rom the uniformity of finding H3 from ¢ it follows that H is r.e..

'hus (A,H) is a specification of the required format.

+5., CLAIM. (A,H) specifies ¢. To show this, let (Z',E') be a finite speci-
ication for A € Dom(¢), with Z'n A = I, Choose (A,y,B) € ¢. We must es-
ablish that the triples (A,y,B) and (I(Alg(Z',E'))[Z,1 ,I(Alg(Z'UA,E’UH))lA)
re congruent.

We may assume that A is identical to A'IZ with A" = 1(Alg(Z',E') and
hat BIZ = A (whence y = id) and further that the domains corresponding to
orts of A' and B not named in I are pairwise disjoint.

Let A'LIB be the joint expansion of A' and B. Note that A'LIB is a

inimal I'u A-algebra. To prove

(z'uA,E'uH) __Z'Y8 At B

——————

t suffices to derive soundness and completeness of E'uH,

i) Soundness. Let e ¢ E'UH. If e ¢ E' then A' k e and so A'LIBE e. If
+
= . £
€ H, choose ¢ c C such that e e§/3'€ Hﬁ/g Eéke a set of values
"in A" LIB of suitable sorts corresponding to ¢. Note that 3 must be from
orts (Z); hence ¥ ¢ A c A" B, We will show that A'Ll B satisfies e in

'y l.e.
(A"LIB)3 =e(d).

ow consider <A3> and <BZ>. From Lemma 4.1 .and the definition of ¢§ we find

hat
. m
(<A;, id ,<By>) € ¢y

ecause H? specifies ¢§ , we have <33>|= Hy . Especially
BZ> E e(®); and since <Bg> < (A'LIB) 2 also (A’ L.IB)Z [= e(@® .0

ii) Completeness for A(Z')-terms. Let A'LI BE t = r where t = r is a closed

quation. If t,r € TerC(Z'), there is no problem: since E' specifies A', we

ave E'l- t = r. Otherwise, we restrict our attention to closed equations
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of the form t = t(T]...,Tk), r = r(Tl,...,Tk) where t(xl,...,xk),
"’Xk) € Ter(A) and T, € Ter(Z'), i = 1,...,k. Here it is not required
11 X; (i=1,...,k) do occur in t(z) and r(g).

t,r are called A(Z')-terms; see Section 4.7) Moreover, we require the
e variables for I-sorts.

o suppose A'LI BE t = r; we will prove that E' UH E t = r. Let
L],...,ak) be the values of (T],...,Tk) in A; they are also the values
,...,Tk) in B and in A'Ll B. As before, Aw; and B3 are the expansions
} by adding & as constants. The corresponding signatures are Zg resp.
‘urther, <Ag> and <Bg> are again the minimal substructures. From

JE t = r we have BE t = r, hence B;,F= t(®) = r(d) and <Bg> =

r (%) (Prop. 3.1.1.1.)

et =3 abbreviate S A ¢ Clearly (I»,=.,) specifies <As>'; and because
c’ ¢ a

LE) specifies ¢E we have the following diagram:
¢

(ZZ’ Ez) (A-gy E'&*UH'Z)
> N>
c [
<A3> — AN <Bg>
%2

<53> E t(%) = r(?) it follows that Eguﬂg F ¢@) = r@). A fortiori:
e F t@) = r(@). Now let =28 be the result of substituting

o ci(i=l,...,k) in the equations in 53 . Then also
=3 x Uy o b t(®) = r(D).

he equations in E?/z are closed %'-equations, true in A'; hence they

erivable from E', the specification of A'. So we have

E'UH, o | t(t) = r(1). 0
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.6. Intermezzo: 21(22)-terms.

Let 21,22 be extension signatures of ZO such that Z.n I, = L.. We will

efine Ter(Zl(Zz)), a subset of Ter(ZIUZZ); and for t,eT;r(Z?UEZ)Owe will
efine the lezz—degree of t. In a ZlUZZ-term t the symbols (i.e. the names
f functions and constants) from ZO,ZI,ZZ can occur in a complex 'mixed'
ashion, see Example 4.6.4; the Ellzz—degree is a measure of this complexity.

Let t € Ter(Z]UZZ) and let Tree (t) be its formation tree, written such

hat the head operator of t is the top label of the tree. We will refer to
he symbols from ZO as O-synbols, from ZI_ZO as I-symbols and from 22—20 as
I-symbols. Here 0,I,II are called labels of symbols. Now to each branch

in Tree (t) we associate the tuple of labels of the symbols occurring in

, 'reading' a starting at the top of Tree (t). (See Example 4.6.4.) From
ach such tuple, e.g. (1,0,0,11,1,0,I,II,0), we compute the number of alter-
ations from a I-to a II-label and vice versa, disregarding the O-labels.

n the example just given, this alternation number is 3.

.6.1. DEFINITION. The lezz-degree of t is the multiset of alternation
wumbers of all branches in Tree (t). The degrees are ordered by the usual

wmltiset ordering.

.6.2. DEFINITION, Ter(Zl(Zz)), the set of Z](Zz)—terms, is the union of

?er(Zz) and the set of results t(3) of substitutions of Zz—terms ? into

Il—terms t(X).

+.6.3. REMARK. (i) Ter(ZIU*Zz)g_Ter(Z]ZZ))E_Ter(Zl)u Ter(Zz) .

ii) t is a 21(22)-term iff in Tree(t) no I-symbol occurs below a II-symbol.
'So along each branch there is at most one alternation allowed, viz. from

. I- to a II-symbol, disregarding O-symbols.)

t.6.4. EXAMPLE, ZO has sorts Sy functions Fo: o — g2 constants CO €855

‘]_ZO has sorts S)s functions FI: $0%Sg — S5
11’ $2%%07S0 T
€s,.

[ 3 T .
' ZO has sorts P functions F S0? FII' s, —> s
;lll

11 $9%Sg — Sp» constants C

0 0’
II
et t e Ter(ZIU 22) have the following tree (where next to each function

ind constant symbol also its target sort is indicated): (see figure next
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‘he tuple corresponding to e.g. the rightmost branch is (I,II,I,II,0,0),

tlternation number 3. Now the lezz-degree of t is {1,1,3,3,3,3}.

Frss
F 5/\ '
'IO’ 0 Fr12%0
Fr1°50 7 F1s8g ™
/ I //'_\\ T] \ // I \\
Y- < N / / \
3 / t N\
11’72 Co,sO , FI,SO \ // ///E;Ei;fo \\
\
/
/ Cr1°87 F \
I0’50 \\
TorS0 o250

Cos80

,1. REMARK. Note that if a subterm having the tree To(as indicated in

le 4.6.4), denoting an s.—element, is replaced by a I —term denoting

0 0
ame element (if such a term exists), then this elimination of the
ign' II-symbols F;I, CII results in a decreased Zl|22—degree , Viz.

2,2,3,3}. Furthermore, if the twice occurring subtree T, is replaced

1
Zo—term, the result would be a 21(22)—term.

[t is important to note the following obvious fact:

. PROPOSITION. If iZn a branch a of Tree (t), t eTer(Zluzz), a II-symbol
3 followed immediately by a I-symbol GI(disregarding 0-symbols), Z.e.

iple of a s
(---,11,0,0,...,0,I,-—=) (k=0 times 0)

the displayed 11,1 are the labels of F__,G

st be a Zo-sort. g

I’

I1° then the target sort of




«7. It remains to be shown tha
qual to some A(Z')-term.

Let t € Ter(:Z'u A). Consid
s a (A-I)-function or constant
unction or constant symbol, sa

Now we can find in Tree (t

i) D is below S,
ii) S is immediately followed

iii) the pair S,D is a lowest

Tree(T)

hen, as we observed in Proposi
-sort. Let T be the subtree he
erm, Since T denotes an elemen

€ Ter(Z'). Noting that o,T €T

'u H for A(Z')-terms, as prove

E'H } 1= o0.

ow let t' be t where T is repl

E'VH I t

]
cr
-
-

nd the A|L'-degree of t' is le

e find

L'y A-term is provably (from E'u H)

e (t). If t ¢ Ter(A(Z')), then there

1, say D, occurring below an (Z'-I)-

r S,D such that

(disregarding I-symbols),

ith these properties.

Tree(t')

Tree(o)

.6.5 the target sort of D must be a
y D and let T be the corresponding
I-sort, A'UB E 1 = ¢ for some
')), we have by the completeness of
.5:

y o. Then also

n that of t. Continuing this procedure
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